The geodesic deviation of a pair of test particles is an natural observable for the gravitational memory effect. Nevertheless in curved spacetime, this observable is plagued with various issues that need to be clarified before one can extract the essential part that is related to the gravitational radiation. In this paper we consider the Anti deSitter space as an example and analyze this observable carefully. We show that by employing the Fermi Normal Coordinates around the geodesic of one of the particles, one can elegantly separate out the curvature contribution of the background spacetime to the geodesic deviation from the contribution of the gravitational wave. The gravitational wave memory obtained this way depends linearly and locally on the retarded metric perturbation caused by the gravitational wave, and, remarkably, it takes on exactly the same formula (1) as in the flat case. To determine the memory, in addition to the standard tail contribution to the gravitational radiation, one need to take into account of the contribution from the reflected gravitational wave off the AdS boundary. For general curved spacetime, our analysis suggests that the use of a certain coordinate system adapted to the local geodesic (e.g. the Fermi normal coordinates system in the AdS case) would allow one to dissect the geodesic deviation of test particles and extract the relevant contribution to define the memory due to gravitational radiation.
Introduction
Passage of a gravitational wave (GW) can induce a permanent displacement in the relative separation of a pair of test particles which serves as a gravitational wave detector. This phenomenon is known as the gravitational memory effect [1] . In a flat background, the net relative displacement ∆D µ between the test particles, after passage of the gravitational radiation, is given by
where D ν is the initial separation of the pair of test particles, and ∆h T T µν is the net change in the metric perturbations in the transverse-traceless gauge. In flat spacetime, the memory formula (1) is simple. The gravitational memory ∆D µ is determined entirely in terms of the metric perturbation, which, in linearized gravity, can be solved in terms of the retarded Green function G R . Schematically, without going into details about gauge fixing and decomposition into irreducible components, the retarded Green function G R satisfies
where is a second order differential operator in which the linearized Einstein equation can be written as x h µν = −16πGT µν . As a result, we have
and the study of the properties of the memory effect can be phrased entirely in terms of the properties of the retarded Green function. For gravitational wave generated by a source in a localized region of spacetime, ∆h T T µν is of Coulomb type [2] , i.e. ∆h T T µν ∼ 1/r at large distance r of the detector from the source. For example, the collision or explosion of a collection of freely moving particles produces the perturbation [2, 3] 
where M A and v A are the mass and the velocity of each freely moving massive body, respectively, and θ A is the angle between the source and the detector. T T denotes the transverse-traceless part of the expression. Memory effect and its properties as produced by various kinds of massive and massless particle sources are recently discussed in [4, 5, 6, 7, 8] . Detectability of the memory effect from gravitational wave signals associated with binary black hole mergers was discussed in [3, 9] . Recent discussions about the detectability with LISA, pulsar timing arrays or LIGO can be found in [10, 11, 12, 13] .
We are interested in the memory effect in curved spacetime. There are various motivations for this interest. First, our universe is curved and not flat. It was deSitter like at the time of inflation. Currently it is described by a FLRW spacetime. One can imagine that the observation of gravitational memory effect may provide valuable information on the structure of the universe at various stages of its development. Theoretically, gravitational memory effect in flat space is related to the asymptotic BMS symmetry [14, 15] and the infrared properties of gravity [16, 17] . It is interesting to understand how much of this story would carry through in a curved background spacetime.
The study of gravitational memory in curved spacetime is however much more complicated and a number of effects not occurring in the flat spacetime needed to be taken into account. 1. In curved spacetime, the net change ∆D µ in the geodesic separation of test particles is obtained from solving the geodesic derivation equation. Due to the presence of nontrivial spacetime curvature, ∆D µ generally involves integration over the history of the motion of the particles and takes a much more complicated nonlocal form compared to (1) . 2. In a curved spacetime, the geodesic separation between the pair of particles get contributions from both the background curvature as well as the gravitational wave. Therefore in order to have a proper definition of memory due to gravitational wave, it is important to separate the contribution of the background curvature from the contribution of the gravitational wave. 3. Another subtlety in curved spacetime is the presence of the tail term in the retarded Green function, i.e. propagation of gravitational waves less than the speed of light, besides the propagation of gravitational waves at the speed of light which we will call the direct term. The definition of memory as a permanent displacement in the geodesic deviation can be applied to dS and FLRW spacetimes. It was found that the direct term contribution to the memory effect can be written in the same form as the flat one (1) up to an multiplicative factor of an inverse power of the scale factor a(τ ) at the time of detection [18, 19, 20, 21, 22, 23] when the source and the detector are placed at the same proper distance as that in flat space at the time of gravitational wave emission. As for the tail term, it was found that in the case of decelerating FLRW spacetime equipped with future null infinity, the tail term in the retarded potential is subleading in the 1/r expansion at the future null infinity and the memory effect is given entirely by the direct term [21] . On the other hand, for the deSitter space case, it is known that the tail term vanishes for odd dimensional deSitter spacetime. While for deSitter space of even dimensions higher than 2, it was recently found [25, 26, 19] that gravitational wave tail contributes significantly to the memory effect. Note that in this case the retarded potential is expanded in terms of the conformal time η, instead of 1/r, in order to approach the future infinity [26] . At η = 0, the tail and direct contributions are equal in size but opposite in sign and thus they cancel out each other, leaving the higher order terms in H, in the future infinity. In general, the tail term is an important part of the memory and needed to be understood thoroughly. 4. Besides, reflection may occurs if the spacetime has a boundary, for example as in the Anti deSitter spacetime. In fact, as we will show in this paper, depending on the location of the detector, the reflected the gravitational wave may make a significant contribution to the memory effect observed at late times.
While the memory effect in dS and FLRW spacetimes has been extensively studied, memory effect in AdS space has been considered much less in the literature (see [27] for a study of the memory effect in gauge theory). Although the memory effect in AdS space is currently less motivated from observational point of view than that in dS and FLRW spacetimes, theoretically it is an interesting subject. First, as we will demonstrate in this paper, the study of memory effect in the AdS spacetime gives us useful insights on better ways to think about and analysis the memory effect in general curved spacetime. Besides, the existence of boundary in AdS also offer an interesting opportunity to study how the reflected gravitational wave may affect the gravitational memory. Moreover, the study of AdS memory is potentially be related to the other gravitational phenomena such as asymptotic symmetries of spacetime and AdS/CFT correspondence [28] . These are some of the reasons behind that form the main motivations of this work.
In this work, we study memory effect on 4-dimensional AdS space in the Poincaré coordinates. We restrict ourselves to the linear order of metric perturbation around the vacuum AdS space. As we will see below, in AdS space the retarded propagator of metric perturbation contains the tail term as in dS space. Aside from the tail term, AdS space has a distinctive feature that the gravitational waves reach the infinity (AdS boundary) in a finite time and then get reflected back to the bulk spacetime. As a consequence, in addition to the original gravitational wave, there will also be a gravitational wave reflected at the AdS boundary, each accompanied by its respective tail term. The net memory will be given by the sum of all these contributions. We find that by employing the Fermi Normal Coordinates around the geodesic of one of the particles, one can elegantly separate out the curvature contribution of the background spacetime from those of the gravitational wave. Remarkably, the obtained gravitational wave memory takes on exactly the same formula (1) as in the flat case and has a simple local and factorized dependence on the retarded metric perturbation caused by the gravitational wave. This simple formula allows us to determine the memory entirely in terms of the waveform of the retarded gravitational radiation; and the memory is given by a sum of contributions from the direct and tail term of the gravitational wave originated from the source, together with the direct and tail terms from the reflected gravitational wave off the AdS boundary, For general curved spacetime, our analysis suggests that the use of a certain coordinate system that is adapted to the local geodesic (e.g. the Fermi normal coordinates system in the AdS case) would allow one to dissect the geodesic deviation of test particles and extract the relevant contribution to define the memory effect due to gravitational radiation. This is an interesting direction to further explore [29] .
The organization of this article is as follows. In section 2, we review the construction of the retarded solution for the linear metric perturbation in AdS spacetime. We then consider an example of localized energy source and work out the retarded wave solution. In section 3.1, we consider the use of the Fermi normal coordinates and find that the background curvature contribution to the geodesic deviation can be easily disentangled and subtracted away. The remaining part of the geodesic deviation (66) depends on the retarded gravitational wave linearly and locally, and in fact takes on exactly the same as (1) in the flat case. This is quite remarkable and is one of the main results of this work. In section 3.2, we take into account of the tail term and the reflected wave and analyze the memory effect. As the reflected wave plays an important role, the effect of memory depends crucially on whether the detector is receiving the reflected wave or not. We show that for an observer that receive the reflected wave, the memory effect got canceled out completely. Hence it is interesting that memory effect is different for different locations of the gravitational wave detector in the AdS spacetime. In section 3.3, we consider the asymptotic form of the memory near the AdS boundary and find that it has a delta function singularity localized on the lightcone from the source. In section 3.4 and 3.5, we construct the AdS shock wave by taking a certain limit of our perturbed metric. We find that the velocity-memory for AdS shock wave picks up a kink contribution uθ(u) in addition to the jump θ(u) and pulse term δ(u) which are present in the flat case. Section 4 contains our conclusion and some discussions. Some of the more technical details of the analysis are contained in the appendices.
Linear Perturbation in AdS Space
Consider a n-dimensional AdS space. In the Poincaré coordinates, the line element is given by
with −∞ < t, x i < ∞, 0 < y < ∞. Here the subscripts i, j = 1, . . . , n − 2 and µ, ν = 0, . . . , n − 2, y, and L is the AdS radius. The AdS boundary is located at y = 0 and the AdS horizon is at y = ∞. Below we will use the notation for indices such that a, b = 0, . . . , n − 2 and r, s = 1, . . . , n − 2, y.
Retarded solution
We consider perturbation γ µν around the background AdS metric,
It is convenient to introduce the perturbation ψ µν from γ µν as defined by
We impose the following gauge conditions analogous to the one adopted in de-Sitter space
where∇ µ is the covariant derivative with respect toḡ µν . In terms of ψ ν µ , the linearized Einstein equation with a source is
where ψ :=ḡ µν ψ µν , ∂ 2 = η ρσ ∂ ρ ∂ σ , G is the Newton constant and T ν µ stands for perturbative matter energy-momentum tensor.
It is convenient to introduce a re-scaled perturbation where its indices are raised and lowered by η µν ,
and in which the original perturbation γ µν can be written as
χ µν satisfies the linearized Einstein equation
Definingχ = χ ρ ρ −(n−2)χ yy , the equation (12) can be decomposed into three independent equations:
whereT := T ρ ρ − (n − 2)T yy and the subscript a, b = 0, . . . , n − 2. In this paper we are interested in the n = 4 dimensional AdS spacetime. In this case, the retarded solutions to (13)- (15) are given by
where the retarded propagator G ν R satisfy the differential equations
Here the retarded propagator in AdS 4 with index ν is given by [31] 
where P ν−1/2 (z + ) and Q ν−1/2 (z − ) are the Legendre functions of the first and second kind respectively, and z ± are given by
For ν = 3/2 and ν = ±1/2, cos(νπ) = 0 and we get the simple expressions
where
2.2 Retarded potential for massless particle scattering
As a simple example of localized energy-momentum source, let us consider a scattering event of point particles [7, 22] . The energy-momentum tensor for a particle scattering which occurs at a spacetime point x µ 0 = (t 0 , z 0 ) is written as
µν is the energy-momentum tensor for the j th incoming massive particle,
µν is that for the i th outgoing massive particle,
µν is that for the n th incoming massless particle,
and T
(m)
µν is that for the m th outgoing massless particle,
Here
out are the rest masses of the incoming and the outgoing massive particles, respectively. τ (j,i) denotes the proper time of the massive particles while λ (n,m) denotes the affine parameter for the null geodesics.
In order to evaluate the retarded gravitational potential explicitly, we consider a simple scattering process as shown in fig.1 , where the scattering takes place in the x 1 − x 2 plane with a fixed y = y 0 , with two incoming massless particles collides at x µ 0 = (t 0 , t 0 , t 0 , y 0 ) and results in two outgoing massless particles. By adopting a suitable Lorentz transformation, we can assume without loss of generality that the outgoing particles move along the x 1 and x 2 direction orthogonally. For completeness, we list some basic materials about the geodesic motion of point particle in AdS space in the Appendix A.
Note that one can consider more general scattering processes in which both massless and massive particles are involved. In a flat background, one can think of a massive particle at rest and its decay into a massive and a massless particle. It would be one of the most simple examples for a particle scattering source which gives rise to both ordinary and null memory due to the emission of the massive and massless particle [7] . In AdS space, evaluation of the retarded potential for a decay of a massive particle that is freely moving along the geodesic could be done explicitly but the final expression would be complicated one and would not be as illuminating as that for a decay of massive particle at rest in flat space. On the other hand, geodesic motion of a massless particle in AdS space are as simple as that in flat space and this is the reason why we focus on a massless scattering source here. Although we will not consider the effect of massive particles on the retarded potential in AdS space, we expect that there will be no qualitative differences between the behaviour of the retarded potential for massless scattering sources and that for massive sources, and the example investigated in this section would suffice to capture the characteristics of the retarded potential for a particle scattering source.
The energy-momentum tensor for the massless scattering is given by
where we set
Now we are ready to compute the retarded potential from the outgoing and incoming massless particles. Note that χ a a = χ ya =χ = 0 for the source (32).
Contribution from outgoing massless particles:
First we consider the contribution from the outgoing massless particles for which the energy-momentum tensor is
µ are the unit tangents to the trajectories of the outgoing massless particles and E out ,Ē out are the energies of each of the outgoing massless particles.
The retarded potential is evaluated as
where we have used θ(U ) = θ(u) and θ(Ũ ) = θ(ũ) with
Contribution from incoming massless particles:
Next we consider the retarded potential due to the incoming massless particles. The energy-momentum tensor is
2 are the unit tangents to the trajectories of the incoming massless particles. The energy-momentum conservation (31) at t = t 0 is solved by
The retarded potential due to the incoming massless particles is given by
where t c is an infrared cutoff whose dependence cancels out in the end. t ∓ andt ∓ are the solution to (t − t − ) 2 − r 2 (t − ) = 0, (t − t + ) 2 −r 2 (t + ) = 0 for the unbarred null geodesic and (t −t − ) 2 − r 2 (t − ) = 0, (t −t + ) 2 −r 2 (t + ) = 0 for the barred null geodesic. Explicitly, it is
Behaviour of the retarded potential:
Putting together (35) and (40) and making use of the identity (42) the retarded potential for the massless scattering source χ = χ out + χ in is obtained as
where we have defined α ab and β ab by
The result (43) gives the original metric perturbation γ µν 1 :
We note that in (43) , the terms proportional to U andŨ are the tail contribution. The ratio of the direct and tail contributions of the gravitational waves which directly come from the source event is thus
where ∆t := t − t 0 − r 0 measures the time passed since the passage of gravitational waves. speed of light. Gravitational waves and its tail reach the AdS boundary in a finite time and then will get reflected back to the bulk.
Let us consider two timelike observers whose geodesics are given by
where τ 1,2 are the proper times and T 1,2 are constants with T 2 < t 0 < T 1 for the observer 1 and 2, respectively. The worldlines of these observers are represented by the solid curves in fig.2 . The retarded potential χ ab for these observers acquires a nonzero contribution discontinuously on the light cone t = t 0 + r due to the direct contribution. In the region t 0 +r < t < t 0 +r, the tail contribution is nonzero and reduce the effect of the potential χ ab . When t ≈ t r +yy 0 /r 0 , the tail contribution becomes comparable to the direct contribution. Once t = t 0 +r, that happens to the observer 1, then χ ab vanishes discontinuously as the second term in (35) which is proportional to θ(ũ) comes into action. This means that the contribution from the reflected gravitational waves cancels exactly that from those directly from the source and the spacetime goes back to the original vacuum AdS space. It follows that χ ab is nonzero only in the gray region in between the two light cones. Note that for the observer 2, t ≥ t 0 +r will never be realized and the cancellation does not occur.
Memory Effect in AdS Space
In flat space, the memory effect is defined as a permanent displacement in the geodesic deviation of a pair of test particles after the passage of gravitational waves. In this section, we will use this observable to give a definition for the memory effect in AdS space. The geodesic deviation equation is
Here we consider two nearby test particles initially at rest as a gravitational wave detector. D µ is the deviation vector of the test particles and u µ = dx µ /dτ is the unit tangent to the geodesic of one of the test particles. In what follows, we will call this geodesic the central geodesic γ which is, at the zeroth order of the perturbation, parametrized by the proper time τ (−πL/2 < τ < πL/2) as
with
Gravitational radiation induced geodesic derivation
In order to simplify the study of the geodesic derivation, it is desirable to adopt a coordinate system that is somehow adapted to the central geodesic. In this regard, we find it convenient to use the Fermi Normal Coordinates (FNC) [32] associated with the central geodesic γ(τ ), 
In the FNC, the tangent to the geodesic is u
where (R F ) µ αβγ (τ ) is the Riemann tensor in the FNC that is evaluated on γ(τ ) and it is related to the Riemann tensor in the Poincare coordinates by
Here (e δ ) ν is a set of the orthonormal tetrads which is parallel transported along γ(τ ) and satisfies [34] (e α ) µ = ∂x
where (e 0 ) µ is taken as the tangent to γ(τ ), (e 0 ) µ = u µ . For the background AdS space, the orthonormal tetrads on (49) are determined as
The geodesic and parallel transport equations in the perturbative AdS background are discussed in Appendix C.
At the first order of the perturbation χ ab given by (43), we obtain
In deriving this, we have used (107) in Appendix B, (110), (116) and (117) in Appendix C together with (51) . It is remarkable that the perturbations of the geodesic δx µ and the tetrads δe µ α do not appear in the final result. Note that the first line in (54) arises from the background curvature in the FNC and gives an oscillating solution for the background geodesic deviation. Below we will focus on the deviation vector with an initial condition dD µ F /dτ (τ i ) = 0. In this case we havē
where C r is the initial separation. Note that we have explicitly isolated the geodesic derivation (55) due to the AdS background curvature.
Since the Riemann tensor (54) has a complicated form, it may appear not easy to solve the geodesic deviation equation (50) µ . It has been demonstrated recently in [35] , especially for shock wave metrics of Aichelburg-Sexl type [36] , that the tensor Ω µ ν are useful for the investigation of the memory effect. In terms of Ω µ ν , the Riemann tensor can be expressed as
and the deviation vector D µ satisfies the first order differential equation [37] 
In the FNC, we have
and
Thus the introduction of Ω µ ν and the employment of FNC allow us to greatly reduce the problem of determining D µ from solving a second order partial differential equations to solving a first order ordinary differential equation.
To proceed, let us compute (Ω F ) µ ν :
The spatial components of (60) for the central geodesic γ(τ ) in the perturbed AdS background is given by
where 
whereD r F is given by (55). Now we are to solve the geodesic deviation equation (63) with the metric perturbation given by the retarded potential (43) . Consider the specific example of
for the central geodesic γ(τ ). Applying (64) to (43), we find that χ 0a = 0 and f µ given by (115) vanishes. It then follows from (119) (with a set of initial conditions δx µ (τ i ) = dδx µ /dτ (τ i ) = 0) that δx µ = δe µ 0 = 0. Therefore (49) with (64) is indeed a consistent solution to the perturbed geodesic equation. As a result, we get
and the geodesic equation (63) can be integrated to a closed form immediately, giving
It is easy to check that (66) satisfies the geodesic deviation equation (50) in this case. The geodesic deviation in the Poincaré coordinates is given by
It is remarkable that the perturbation of the deviation vector (66) can be written in terms of the retarded potential directly and takes the form (1) exactly as in the flat case. That this is possible is because of the adaptation and simplification brought about by the use of the Fermi Normal coordinates.
Gravitational radiation memory in AdS
Memory effect as a permanent displacement of the geodesic derivation can be defined in the FNC by ∆D
where τ i and τ f are the proper time before and after the passage of gravitational waves. we have ignored the background effect on the geodesic deviation since we are interested in the geodesic deviation with gravitational wave origin. In AdS spacetime, two distinguished types of gravitational wave detectors can be considered. One is a detector whose central geodesic passes through the region of nonzero retarded potential, e.g. observer 1 in fig.2 . The other is a detector whose central geodesic stays in the region of nonzero retarded potential, e.g. observer 2 in fig.2 . In the former case (t 0 < 0), we can discuss the memory effect from a viewpoint of a vacuum to vacuum transition of the spacetime. But now it is obvious that there is no memory effect since after the passage of the reflected gravitational waves the spacetime settles down to the original vacuum AdS space described by (5) due to the cancellation of the retarded potential. In the latter case (t 0 > 0), the gravitational wave detector will always be under the influence of the retarded potential since the passage of the direct gravitational waves from the source, and there will be the competition between the direct and the tail contributions. From (43), the retarded potential for the central geodesic (49) with
Here we have used y 2 = t 2 + L 2 and have dropped the term proportional to θ(ũ). It can be seen that at late times χ ij will approach a constant value
Therefore the geodesic deviation will also approach some constant value and yields a permanent displacement ∆D r F = 0 while the metric satisfies the vacuum Einstein equation in AdS space.
Asymptotic expansion near the AdS boundary
The asymptotic behaviour of the retarded potential near the AdS boundary can be obtained by the Taylor expansion of (43) at y → 0. Using
, we obtain
where u 0 = t − t 0 − r B and
is the distance from the scattering event to a point under consideration at the boundary. We note there is a delta function singularity localized at the lightcone from the source and it arises because of a careful handling of the step-functions as distribution.
The vacuum expectation value of boundary energy-momentum tensor is given by the formula [38] 
Substituting (72) into (74) yields
Thus the boundary energy-momentum tensor is localized on the hyperbola u 0 = 0.
AdS shock wave
In addition to displacement memory, gravitational wave may induce other observable effects on a detector. In the flat case, a notable effect is that a shock wave would give rises to a velocity memory in the form of a relative velocity kick between two nearby particles. It is interesting to know if a shock wave in AdS spacetime would give rises to a velocity memory; and if so, how different is it would be from the flat case?
Let us consider the shock wave limit of the retarded potential. Naively if we take t 0 → −∞ in (32), the source describes massless particles which travel at the speed of light forever. In flat space, the gravitational field of such a massless particle is described by Aichelburg-Sexl shock wave metric [36] which is localized on the light cone. In AdS space, such a shock wave metric was first obtained in [39] . Note that, however, the AdS shock wave metric cannot be obtained by simply taking t 0 → −∞ in the retarded solution (35) since it vanishes for t 0 → −∞. Instead, following [40] , we start with a massless source with a finite extent ∆ in the x 1 direction with the energy-momentum tensor given by
Here we have picked one of the out going massless particles moving in the x 1 direction and set the scattering point as (t 0 , t 0 , 0, y 0 ) for simplicity.
The retarded potential is decomposed into the direct and tail parts, χ
The shock-wave limit should be taken carefully by first performing the integrations, then taking t 0 → −∞ and finally the limit ∆ → 0. As a result, we obtain
Adding together (81) and (82), we obtain
This is precisely the AdS shock wave geometry obtained in [39, 41] for y 0 = L. One can check that the AdS shock wave geometry g µν =ḡ µν +δ
ab is in fact a solution to the full nonlinear Einstein equation with a source given by a massless particle traveling at the speed of light forever. Thus we have provided an alternative derivation of the AdS shock wave by taking a limit of the retarded potential. We note that it is crucial in our derivation of the shock wave geometry to take into account of the tail term. Otherwise we will not get the correct result. The VEV of boundary energy-momentum tensor corresponding to (83) is
and this is localized on the light cone [42, 43] .
Velocity-memory of AdS shock wave
It is known that passing through the shock wave causes a jump in the advanced time coordinate and a refraction of the geodesic [44, 45, 46, 47] . It is instructive to compare the memory effect of shock wave in AdS spacetime and flat spacetime. In flat space, the shock wave induces a permanent displacement in the relative velocity of two nearby timelike geodesics [7, 35, 48, 49] . We will show now that the AdS shock wave induces much richer features in the velocity memory: the relative velocity kick (97) in AdS has a kink uθ(u), a jump θ(u) and a pulse δ(u) in its v component; and a kink and a jump in the u, x 2 and y components.
To start with, let us review the analysis of [47] for geodesic motion in the AdS shock wave background. The shock wave metric is written using a 5 dimensional formalism as
/ √ 2 and the 5 dimensional coordinates are subject to a constraint
In this description, the shock wave is localized at U = 0. In the following, we assume that H is a function of Z 4 only H = H(Z 4 ) so that it corresponds to the Hotta-Tanaka AdS shock wave as [41] H(
The most general solution to the geodesic equation in the AdS shock wave background (85) is given by eq.(39) of [47] with e = −1, where it was also pointed out that one can always achieve the vanishing velocities in front of the shock wave,Ż
, by utilizing the symmetry of the shock wave background. Thus without loss of generality, one can reduce the solution to the form (eq.(37) of [47] ):
where τ is the proper time of a timelike geodesic and
The solution is specified by the constantsU 0 := dU/dτ (U = 0 − ) and Z 0 p := Z p (U = 0 − ). We are interested in the geodesic deviation of two nearby timelike geodesics, x A (τ ) and x B (τ ). Before crossing the shock wave at U = 0, the relative velocity of the two geodesics is generally nonzero and it would not be possible to achieveŻ 0 p = 0 for both of the geodesics by utilizing the symmetry transformations of the coordinates. However, if the two geodesics are parallel to each other and are at the same velocity (the relative velocity is zero) initially, then it is possible to achieveŻ 0 p = 0 for both x A (τ ) and x B (τ ) by using the symmetry transformations. In what follows we will restrict ourselves to this case since it is a very natural situation to have a pair of test particles which are initially at rest at the time the shock wave arrive, and to consider the relative velocity kick induced by the shock wave. As we will see later, in this case the geodesic deviation in the Poincaré coordinates can be characterized by ξ 0 , the relative separation in x 2 direction at U = 0 − .
Let us express the above solution (88) in the Poincaré coordinates (t, x 1 , x 2 , y) by using the coordinate transformation:
where y s denotes the value of y coordinate at the source massless particle. The shock wave metric (85) can then be written as
Here t = x 1 has been imposed by δ(u). Using (90), the solution (88) can be written in terms of (u, v, x 2 , y) as
where we have setU 0 = 1/ √ 2 for simplicity. We immediately find that y(U = 0 − ) = L and then it follows that 
At the lowest order of ξ 0 , we obtain
The relative velocity kick can be written as
Using the same terminology as in [48] , we conclude that ∆v µ receives a kink U θ(U ), a jump θ(U ) and a pulse δ(U ) in the v-component, and a kink and a jump in the (u, x 2 , y)-directions. We remark that it is possible to introduce FNC to investigate the geodesic deviation in the AdS shock wave background. In that case it is expected from the flat space results [35] 3 that the geodesic deviation (96) in the FNC is nonzero only in the transverse x 2 F and y F directions and so is the relative velocity kick. We also note that in the FNC the geodesic derivation will not be simply multiplied by the overall scale factor y/L, and so it can be inferred from the forth equations of (93) and (96) that we will have a permanent displacement in the relative velocity kick in the x 2 -direction.
Conclusion and Discussions
We have investigated the retarded potential and memory effect for the particle scattering source in AdS space. Apart from the tail term, the retarded propagator receives contribution from the reflected gravitational waves. We evaluated the retarded potential for a particle scattering source and found that the retarded potential contains two kinds of step functions θ(u) and θ(ũ) corresponding to the two types of the gravitational waves, one came directly from the source and the other experienced a reflection. As a consequence, the retarded potential is nonzero only in a finite domain of the spacetime as shown in fig.2 . Once the two contributions become active, they cancel each other out giving a vanishing retarded potential and the spacetime goes back to the original vacuum AdS space. This is a somewhat surprising result.
We have solved the geodesic deviation equation in the perturbed AdS space by making use of Fermi normal coordinates (FNC) and the tensor Ω µ ν . We find that in the FNC, the geodesic perturbation vector and the displacement memory depends linearly and locally on the retarded potential exactly the same way as in the flat space (1). This is a nice result of this work.
Even though it may be expected from the behaviour of the retarded potential, we made it clear that there will be no memory for the gravitational wave detector which passes through the region of nonzero retarded potential. On the other hand, for a detector which stays in the region of nonzero retarded potential, the direct and tail contributions together are shown to approach to some constant value at the late time, while the perturbed metric still satisfies the vacuum Einstein equation. This corresponds precisely to a non-vanishing memory induced by the gravitational radiation. 3 The flat space result
can be obtained by taking
It is known that the Fefferman-Graham expansion of the metric near the AdS boundary (y = 0) of an asymptotically AdS space begins with O(y 3 ) term and it does not have terms linear or quadratic in y. Actually we saw that the asymptotic expansion of the retarded potential for a particle scattering source also begins with O(y 3 ) term as the O(y 0 ) and O(y 2 ) terms cancels out between the contributions of the gravitational wave with its reflection. It is interesting to understand better if and how the asymptotic form of the memory is related to the asymptotic symmetries of AdS space.
We have considered the memory effect of a shock wave in AdS. We find for a pair of particles initially at rest relative to each other, the passage of the shock wave will induce a velocity kick in the relative velocity. Unlike in flat case where the velocity kick is in the form of a jump θ(u) and a pulse δ(u), there is also a kink uθ(u) contribution in the AdS case.
In flat spacetime, the gravitational memory effect from localized particle source is characterized [7] by a discontinuity in the retarded potential and a first order derivative of the delta function in the Riemann tensor. In the present AdS case, the retarded potential in AdS space get additional complications compared to that in the flat space: there is the multiplication of the warp factor yy 0 /L 2 and there is also an additional contribution from the reflected gravitational waves proportional to θ(ũ).
In this work, we have demonstrated that the use of the Fermi normal coordinates allows us to disentangle in the geodesic deviation the background curvature contribution from the gravitational wave contribution, and extract the gravitational memory of interest. For general curved spacetime, our analysis suggests that the use of a certain adapted coordinate system could be very helpful in allowing one to dissect the geodesic deviation of test particles and extract the relevant memory due to gravitational radiation. It is interesting to understand what properties are needed for the right local coordinate system. For the deSitter space, due to the background expansion, we find that the use of conformal Fermi coordinates (CNC) seems to be the right choice. This is an interesting direction for further exploration [29] .
A Geodesic equation in AdS space
Geodesic equations for a point particle in the vacuum AdS space (5) arë
where dot denotes a derivative with respect to the proper time for massive particles or the affine parameter for massless particles. There is a constraint equation
Conserved quantities P a in the geodesic motion are given by
The energy of particle measured by a timelike observer whose 4-velocity is t µ is
For a timelike Killing vector t µ in AdS space, t µ = (−1, 0, 0, 0), E = P 0 . Using (100) and (101), (99) becomes
For a massive particle, from (101) and (100), we havė
It follows that
where C i and C 3 are constants and C 3 determines the time at which y takes minimum value. Taking m → 0 in (105) gives a solution to the geodesic equation of a massless particle. The energy of the massless particle is written as E = L 2 y −2ṫ
.
B Linearized Riemann tensor
The Christoffel symbols for the background AdS metric (5) is
The linearized Riemann tensor is given by
. (107) Substituting (5) and (106) 
C Geodesic and parallel transport equations in perturbed AdS space
Here we consider the geodesic and geodesic deviation equations in AdS space with perturbations. Our analysis is restricted to the first order of the metric perturbations.
Perturbed geodesic and parallel transport equations
A formalism to construct and solve the perturbed geodesic equation in curved spaces is given in [50, 51] . One first decompose the geodesic into the background trajectory and perturbation about it x µ (τ ) =x µ (τ ) + δx µ (τ ), 
withΓ µ αβ the Christoffel symbols consisting of the background metric, and δx µ is O(γ µν ) quantity.
4 Substituting (110) into the geodesic equation,
one obtain at the first order of perturbation that 
In our case of the Poincare coordinates in AdS space, f µ is given by
where h µν := y 2 L −2 γ µν .
Corresponding to (110), we also decompose the tetrads into its background and perturbation pieces ,
where we have adopted matrix notation, e.g. P δx = P µ α δx α , P f = P µ α f α , and L is some length scale which is identified with the AdS radius in our case. The parallel propagator P (τ 1 , τ 2 ) is given by a 4 × 4 matrix,
where P denotes the path ordering and A is given by A µ β in (114), and the Jacobi propagator U (τ 1 , τ 2 ) is given by a 8 × 8 matrix
where R For the central geodesic γ(τ ) in the AdS space, the parallel and Jacobi propagators are obtained as
U (τ 1 , τ 2 ) = J cos
